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We study a class of graphs that represent local independence structures in stochastic processes allowing for corre-
lated noise processes. Several graphs may encode the same local independencies and we characterize such equiv-
alence classes of graphs. In the worst case, the number of conditions in our characterizations grows superpolyno-
mially as a function of the size of the node set in the graph. We show that deciding Markov equivalence of graphs
from this class is coNP-complete which suggests that our characterizations cannot be improved upon substantially.
We prove a global Markov property in the case of a multivariate Ornstein-Uhlenbeck process which is driven by
correlated Brownian motions.
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1. Introduction

Graphical modeling studies how to relate graphs to properties of probability distributions [31]. There is
arich literature on graphical modeling of distributions of multivariate random variables [34], in partic-
ular on graphs as representations of conditional independencies. In stochastic processes, local indepen-
dence can be used as a concept analogous to conditional independence and several papers use graphs
to encode local independencies [3,14,15,37,39,50]. Didelez [13, 15] studies graphical modeling of lo-
cal independence of multivariate point processes. Mogensen et al. [39] also consider diffusions. This
previous work only models direct influence between coordinate processes in a multivariate stochastic
process. We consider the more general case in which the noise processes driving the continuous-time
stochastic process may be correlated. Eichler [17, 19, 20],Eichler and Didelez [21] study this in the time
series case (i.e., stochastic processes indexed by discrete time).

A specific local independence structure can be represented by several different graphs, and the char-
acterization of such Markov equivalence classes is an important question in graphical modeling. We
study these equivalence classes and characterize them. Our characterizations are computationally de-
manding as they may involve exponentially many conditions (as a function of the number of nodes in
the graphs). We prove that deciding Markov equivalence in this class of graphs is coNP-hard, and there-
fore one would not expect to find a characterization which allows the problem of Markov equivalence
to be decided in polynomial time.

Markov properties are central in graphical modeling as they allow us to deduce independence from
graphs. The graphical results in this paper apply to various classes of stochastic processes for which it is
possible to show a so-called global Markov property. As an example, we study systems of linear stochas-
tic differential equations (SDEs), and in particular Ornstein-Uhlenbeck processes. Such models have
been used in numerous fields such as psychology [25], neuroscience [16,43,53], finance [6,51,58], biol-
ogy [5], and survival analysis [2,32]. In this paper, we show that multivariate Ornstein-Uhlenbeck pro-
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cesses with correlated driving Brownian motions satisfy a global Markov property with respect to cer-
tain graphs. Previous work in continuous-time models considers independent noise processes only and
the present work extends this framework to cases where the driving processes are correlated. We em-
phasize that the global Markov property proven in this paper only applies to Ornstein-Uhlenbeck pro-
cesses. In the case of uncorrelated noise, analogous results apply to quite general classes of continuous-
time stochastic processes [15,39] and for this reason we expect that more general continuous-time
versions of the global Markov property are possible, also in the presence of correlated noise. To our
knowledge, the global Markov property in this paper is the first such result allowing correlated noise in
continuous-time models. It is analogous to results in time series models with correlated noise processes
[17,19-21]. The graphical and algorithmic results we present also apply to these time series models.
They also apply to more general continuous-time processes if a similar global Markov property can be
shown.

Many results and ideas in this paper are reminiscent of classical probabilistic graphical models such
as Bayesian networks and chain graph models [34]. In these models, graphs are used as representations
of conditional independencies of a multivariate random vector. Conditional independence is a sym-
metric ternary relation in the sense that if X is conditionally independent of Y given Z then Y is also
conditionally independent of X given Z. When considering graphical modeling of stochastic processes,
we can part ways with the symmetry and obtain a more fine-grained representation of independence
and for this reason we study representations of local independence. The asymmetry of local indepen-
dence also leads to different notions of graphical separation and therefore a different graph-theoretic
framework is needed than in the symmetric case. This is also evident in earlier work on graphical
models of local independence [13,15,18,37].

1.1. Overview and organization

The paper consists of two parts. In the first part (Section 2), we describe local independence for Itd
processes. The basic definitions relating to local independence and local independence graphs apply to
a wide range of stochastic processes and for this reason we start from this general class. In Subsection
2.2, we state the global Markov property which relates the graphical representations used in this paper
to local independence statements. In Subsection 2.3, we consider the smaller class of Itd diffusions.
First, we show that in a certain subclass of It6 diffusions one can obtain a very simple relation between
the local independence structure of a stochastic process and the conditional independence structure
of its equilibrium distribution. However, in general local independence structure cannot be deduced
from conditional independence in the equilibrium distribution and we show this with an example using
the class of Ornstein-Uhlenbeck processes. We finish this section by proving that the global Markov
property holds in Ornstein-Uhlenbeck processes driven by correlated noise.

The second part of the paper (Sections 3, 4, 5) provides results on directed correlation graphs (cDGs)
— the class of graphs that we use to represent local independencies in a stochastic process with corre-
lated noise. Section 3 defines cDGs and introduces the fundamental graphical definitions we need. Sec-
tion 4 gives a characterization of the cDGs that encode the same independencies. This directly leads to
an algorithm for checking equivalence of cDGs. This algorithm runs in exponential time (in the number
of nodes in the graphs). In Section 5 we state another characterization of Markov equivalence and we
prove that deciding Markov equivalence of cDGs is coNP-complete.

The two parts of the paper are connected by the global Markov property which allows us to infer
local independencies from properties of a cDG. Using the global Markov property, e.g., in the class of
Ornstein-Uhlenbeck processes with correlated noise, the results of the paper allow us to reason about
the local independence structure of a stochastic process on the basis of a graph which represents both
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direct influence between coordinate processes and the correlation structure of the noise processes. The
graphical results of the second part describe for which processes the global Markov property implies
the same local independence structure. This enables structure learning based on local independence,
i.e., recovering the graphical structure from observation of the process.

Proofs that were omitted from the main text can be found in the supplementary material [38].

2. Local independence
Before diving into a formal introduction, we will consider a motivating example.

Example 1. Consider the three-dimensional Ornstein-Uhlenbeck process which solves the following
stochastic differential equation

(07 a Wll
X; Muya O 0 X; oo 0 0 0 )
d Xf =| Mpo Mpgg 0 X;B de+] O o 0 o d Wg
X7 0 0 M,/\X/ 0 0 oypy Wt4
—_— ——— t

=M =0y

where (W}, W2, W}, WHT is a standard four-dimensional Brownian motion. In this example, all entries
in the matrices M and oy above that are not explicitly O are assumed nonzero.

The interpretation of the stochastic differential equation via the Euler-Maruyama scheme yields the
update equation

X2\ =X+ AMyo XT + VAo e

5 5 5 & 2 4
XP 0= X0 + M(Mpo X7 + MpgXP) + VA (027 + ppe)

g ¢ g 3 4
X =X) + MMy, X) + VA (o8] + pye))

where & ~ N(0,1). The Euler-Maruyama scheme evaluated in 7 = nA for n € Ny gives a process,
(XA ) n0, Which, as A — 0, converges to the Ornstein-Uhlenbeck process, (X;);0, solving the stochas-
tic differential equation. From the update equations we see that the infinitesimal increment of each
coordinate depends on the value of that coordinate, and in addition the S-coordinate increment de-
pends on the a-coordinate (because Mg, # 0). Moreover, the increments for coordinates 8 and y are
correlated as they share the noise variable sf. Figure 1 (left) provides a graphical representation with
arrows readily read from the drift matrix, M, and the diffusion matrix, O'OO'OT . The ‘unrolled’ graph
(Figure 1, right) is a directed acyclic graph (DAG) which corresponds to the Euler-Maruyama scheme
and provides a discrete-time representation of the dynamics.

A central purpose of this paper is to clarify the mathematical interpretation of local independence
graphs with blunt edges such as the one in Figure 1 (left), and our results include a characterization
of all graphs with equivalent mathematical content. As showcased in the example above, we allow a
nondiagonal 0'00'0T which is a novelty in graphical modeling of continuous-time stochastic processes.

2.1. It6 processes and local independence graphs

We will for the purpose of this paper focus on vector-valued, continuous-time stochastic processes with
continuous sample paths. Thus let X = (X, ),e7 denote such an n-dimensional process with time index
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Figure 1. A local independence graph (left) and an ‘unrolled’ graph (right) where time is made explicit (see
Example 1). The two graphs represent the same local independence structure of a stochastic process, X. A node &
for 6 € {a, B,y } represents the increments of the X,‘S -process at time ¢. On the right, the 84-process is a ‘white noise’
process which creates dependence between X,B and X,y. In the ‘rolled’ version of the graph (left) this is represented
by a blunt edge, B — y. When unrolling a local independence graph to obtain a graphical representation in terms
of lagged variables, one could also choose to include as — S in the unrolled graph for all s < ¢ if @ — 8 in the
local independence graph (see also [12,27,55] and [37, supplementary material]).

t€T cR and with X; = (X{") ge[n] € R” being a real-valued vector indexed by [n] = {1,...,n}. The
time index set, 7", will in practice be of the forms [0,T], [0,00), or R, however, we will in general just
assume that 7 is an interval containing 0.

We use local independence [1,9,15,52] to give a mathematically precise definition of what it means
for the historical evolution of one coordinate, a € [n] to not be predictive of the infinitesimal increment
of another coordinate, 3 € [n], given the historical evolution of a set of coordinates, C € [n]. As such, it
is a continuous-time version of Granger causality [see, e.g., 24], and its formulation is directly related
to filtration problems for stochastic processes. In a statistical context, local independence allows us to
express simplifying structural constraints that are directly useful for forecasting and such constraints
are also useful for causal structure learning.

The process X is defined on the probability space (Q,F,P) and we let o-(XS; s <t,6 € D) € F denote
the o-algebra on Q generated by X? for all s € 7 up to time ¢ and all & € D. For technical reasons, we
define 7P to be the P-completion of the o-algebra

No(XS:s<t5eD),

t'>t

so that (FP),c7 is a complete, right-continuous filtration for all D ¢ [n]. We will let F; = .7-',["] denote
the filtration generated by all coordinates of the process. Within this setup we will restrict our attention
to Itd processes with continuous drift and constant diffusion coefficient.

Definition 2 (Regular It6 process). We say that X is a regular Itd process if there exists a continuous,
F-adapted process, A, with values in R” and an n x n invertible matrix o such that

t
W, =0 (Xt - X - fo /lsds)

is an F;-adapted standard Brownian motion.
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One reason for the interest in the general class of Itd processes is the fact that they are closed under
marginalization. That is, the marginal of an Itd process when marginalizing over a set of coordinate
processes is again an It6 process which follows from Theorem VI1.8.4 in [49]. A regular Itd process is
sometimes written in differential form as

dX[ :/l,dl‘+0' dW[ (l)

Here A; is known as the drift of the process and o as the (constant) diffusion coefficient (an n x n
matrix). We define the diffusion matrix for a regular It6 process as the positive definite matrix

Y=00!. ()

If we consider the more general case where there may be more noise processes than observed processes,
we can define the process X;, as in Example 1, as the solution of the stochastic differential equation

dX; = A,dt + o dW, 3

for an m-dimensional standard Brownian motion W and with the diffusion coefficient oy an n x m
matrix. If oy has rank », such a solution is also a regular Itd process with diffusion matrix X = o-ocroT .

Indeed, we can take o = (0'00'0T )1/ 2 in Definition 2. Observe also that for any regular Ito process,

t
X; — Xo - fo Asds=oW;

is an F;-martingale and fot Asds is the compensator of X; in its Doob-Meyer decomposition.

Definition 3. Let X be a regular Itd process with drift A, and let A, B,C < [n]. We say that B is locally
independent of A given C, and write A 4 B | C, if for all 8 € B the process

1~ E(2 | 7F)

is a version of

mE(ﬂﬂf,CUA).

We note that local independence is asymmetric in the sense that B being locally independent of A
given C does not imply that A is locally independent of B given C. Let @, 8 € [n]. It follows immediately

from the definition that & 4 | [n] ~ {a} if A7 is F'M _measurable. That is, if A° does not depend
on the sample path of the @-coordinate.

We define a local independence graph below and this generalizes the definitions of Didelez [15] and
Mogensen and Hansen [37] in the context of continuous-time stochastic processes to allow a nondi-
agonal diffusion matrix, X. Eichler [17] gives a related definition in the case of time series (discrete
time) with correlated noise and uses the term path diagram (see also Definition 6). Moreover, local
independence graphs can be seen as abstract generalizations of continuous-time Bayesian networks. In
these models, a multivariate continuous-time Markov process in a finite state space is represented by
a graph in which edges indicate how transition intensities of a coordinate process depend on the states
of other coordinate processes [40,41]. Didelez [14] describes the connection between this model class
and local independence.
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Definition 4 (Local independence graph). Consider a regular It6 process with diffusion matrix . A
local independence graph is a graph, D, with nodes [n] such that for all o, € [n]

atppB = a+pln]~{a}
and such that for o # 8

a"/"Dﬁ = Zaﬁzo

where —p denotes a directed edge in D and —p denotes a blunt edge.

A local independence graph can be inferred directly from A and X, see also Definition 6 below.

2.2. The global Markov property

Graphical representations of local independence are mostly of interest when they can be used to infer
nontrivial results about additional local independencies. This is the case when a global Markov property
holds (its definition uses the concept of u-separation which will be defined in Section 3).

Definition 5 (The global Markov property). Let X be a regular Itd process for which the coordinate
processes are indexed by [n] and let D be a local independence graph for X (Definition 4). We say
that X satisfies the global Markov property with respect to D if for all A, B,C ¢ [n] it holds that if B is
pu-separated by A given C in D, then B is locally independent of A given C in the distribution of X.

We note that u-separation is a property of the graph which means that when the global Markov
property holds, we can read local independencies from the graph alone. Mogensen et al. [39] show that
regular Itd processes with a diagonal o satisfy the global Markov property with respect to their local
independence graphs — assuming certain integrability constraints are satisfied — and one can read local
independencies from the graph using a straightforward algorithm. This allows us to answer a filtration
question: for D € [n] and S € [n], which coordinates in D does

E(#|7P)

depend upon? We conjecture that the global Markov property holds for nondiagonal o in a broad class
of processes, but this cannot be shown using the same techniques as in [39]. We do, however, show
in Theorem 10 that for a particular class of Itd diffusions the global Markov property does in fact
hold for the canonical local independence graph that will be defined below. The proof uses an explicit
representation of the conditional expectation processes within this particular class of processes and
therefore does not generalize to all Itd processes. Global Markov properties have also been proven in
(discrete-time) time series models [22]. These results and the analogy to Markov properties in DAG-
based models suggest that generalization of Theorem 10 is possible, even if other methods of proof are
needed.

The global Markov property can be seen to be somewhat similar to that of chain graphs under the
MVR interpretation [11,56] (see also [30]). In this sense, one can think of Theorem 10 as analogous to
extending the global Markov property from DAGs to chain graphs.
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2.3. Ito diffusions

A regular Itd diffusion is a regular It6 process such that the drift is of the form
/lt = /l(Xt)

for a continuous function A : R"™ — R". In differential form,

dXt = /l(Xt) dt+o th

1t6 diffusions with a constant diffusion coefficient are particularly interesting examples of Itd pro-
cesses. They are Markov processes, but they are not closed under marginalization and we need to
consider the larger class of It processes to obtain a class which is closed under marginalization.

The following definition introduces a canonical local independence graph which we will use to show
a global Markov property. To our knowledge, this is a novel definition in this context, though it is very
similar in spirit to path diagrams [61,62] and other mixed graph representations of multivariate random
variables. Analogous definitions can also be found in discrete-time processes [17].

Definition 6 (Canonical local independence graph). Let X be a regular It6 diffusion with a continu-
ously differentiable drift A:R" — R" and diffusion matrix . The canonical local independence graph
is the graph, D, with nodes [n] such that for all @, € [n]

Oadp#0 < a-pp

and such that for a # 8

Z(,B¢O < a+—ppf.

As dadg =0 implies that 2 = 45((X2) seu]~ (a}) is Fi" 1) -measurable, the following result is
an immediate consequence of Definitions 4 and 6.

Proposition 7. The canonical local independence graph is a local independence graph.

Definition 6 gives a simple operational procedure for determining the canonical local independence
graph for a regular Itd diffusion directly from A and Z, though it is not guaranteed to be neither a
unique nor a minimal local independence graph. If, for instance, X = (X%, X#,X”) is a process with
Ag = XYX? then @ — B in the canonical local independence graph, but if X satisfies the constraint

X%+ X¥ =0, then @ 4 8| {B,y}. This follows from g = XX = —(X”)? being .F,{B’y}—adapted. Itis
thus possible that Ag has a functional form that appears to depend on the coordinate «, while actually

@+ B|[n]~A{a}.

Example 8 (Smoluchowski diffusion). In this example we link the notion of local independence and
the local independence graph to classical undirected graphical models (see, e.g., [31]) for a special
class of diffusions that are widely studied in equilibrium statistical physics. A Smoluchowski diffusion
is a regular Itd diffusion with

A(x)=-VV(x)

for a continuously differentiable function V : R” - R and o = /271 for a constant 7 > 0. Thus the
diffusion matrix X = 271 is diagonal. The function V is called the potential and 7 is called a temperature



3030 S.W. Mogensen and N.R. Hansen

parameter. Since the drift is a gradient, the dynamics of a Smoluchowski diffusion are a gradient flow
perturbed by white noise. If V(x) — oo for | x| - co and

Z= / TV dx < 00,

the diffusion has the Gibbs measure with density

_ L tviw
n(x)= ~¢
as equilibrium distribution, see Proposition 4.2 in [42]. When V is twice differentiable, Definition 6
gives the canonical local independence graph, D, with arrows @ —p 8 whenever d,Ag = 0,9V # 0.
Since

aa/llg = —(90(95‘/ = —aﬁé)av = 63/1(,

the graph D enjoys the symmetry property that @ —p S if and only if 8 —p @. We denote by G the
undirected version of D, i.e., @ —g B if and only if @ —p g if and only if 8 —p a (see Figure 2). For
any a,f € [n] with & £g B it follows from d,dgV = dgd, V = 0 that

V(x) =Vi(xasx_fap)) + Va3, X_a,p))

where x_¢, g1 denotes the vector x with coordinates x, and xg removed. From this decomposition of V
we see that 7 has the pairwise Markov property with respect to G, and it follows from the Hammersley-
Clifford theorem that 7 factorizes according to G. That is, the potential has the following additive
decomposition

V(x)= > Velxe)
ceC(G)
where C(G) denotes the cliques of G. This establishes a correspondence between local independencies
for a Smoluchowski diffusion and Markov properties of its equilibrium distribution.

We emphasize that the link in Example 8 between local independencies representing structural con-
straints on the dynamics on the one side and Markov properties of an equilibrium distribution on the
other side is a consequence of the symmetry of the drift of Smoluchowski diffusions combined with the

A B

@C@C@ O——0C)

U U

Figure 2. A: Canonical local independence graph of a Smoluchowski diffusion such that dadyV = 8y0aV =0
(see Example 8). B: The equilibrium distribution of a Smoluchowski diffusion with canonical local independence
graph as in A satisfies a Markov property with respect to this undirected graph. This would not be true of a general
Ornstein-Uhlenbeck process with local independence graph as in A (see Example 9). This is an example of the
fact that the conditional independencies of the equilibrium distribution need not reflect the local independencies
of a stochastic process.
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diffusion matrix being a scalar multiple of the identity matrix. For diffusions with a non-gradient drift
or with a more complicated diffusion matrix the equilibrium distribution may have no conditional in-
dependencies even though there are strong structural constraints on the dynamics of the process which
can be expressed in terms of a sparse local independence graph. A simple process which can illustrate
this is the Ornstein-Uhlenbeck process.

Example 9 (Ornstein-Uhlenbeck process). A regular Itd diffusion with drift
A(x) =M (x - p)

for an n x n matrix M and an n-dimensional vector y is called a regular Ornstein-Uhlenbeck process.
With D its canonical local independence graph, @ —»p 8 whenever Mg, # 0, and « 4 S| [n] \ {a} if
Mpq =0.1f M is a stable matrix (all eigenvalues have negative real parts), then the Ornstein-Uhlenbeck
process has an invariant Gaussian distribution A/ (u,T'ee ) Where T's, solves the Lyapunov equation,

MU oo +TooMT +2 =0,

see Proposition 3.5 in [42] or Theorem 2.12 in [28].
If M is also symmetric, then A is a gradient, and if X = 277 we see that the solution of the Lyapunov
equation is T'so = —TM ™!, and A is the negative gradient of the quadratic potential

V() =5 () M) = 5 0 ) T (e ).

Thus the equilibrium distribution is in a Gaussian graphical model represented by an undirected graph
G in which the edges are determined by the non-zero entries of I';l = —%M . For this Smoluchowski
diffusion we see very explicitly that the edge @ — B8 is in G if and only if both @« - 8 and 8 — « are
in D. However, it is not difficult to find an asymmetric but stable matrix M such that 1";,1 is a dense
matrix, even if £ = /, and the canonical local independence graph cannot in general be determined from
Markov properties of the invariant distribution.

For a general M and general X, and with D ¢ [n] we see that

E(A1FP)= 3 Mps (E (XD | FP) - o)
o€V

= 3 Mﬁé(E(XfS|7:tL))—#é),
depa(B)

where pa(B) = {6 | Mgs # 0} denotes the set of parents of 8 in D. Thus determining if @ 4 8| C
(Definition 3) amounts to determining if

E(X)|FF)
are versions of
E (Xf |f,CU{“})

for § € pa(). In words, if we can predict the values of all the processes X?, for & € pa(3), that enter
into the drift of coordinate B just as well from the C-histories as we can from the C U {«a }-histories,
then S is locally independent of « given C.
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As a final component of this section, we state a result showing that an Ornstein-Uhlenbeck process,
X, satisfies a global Markov property with respect to a cDG, D, when D is the canonical local inde-
pendence graph of X (Definition 6). As we identify the coordinate processes of X with nodes in D, we
use [n] to denote both the node set of D and the index set of the coordinate processes of X. In the case
of a diagonal Z, the global Markov property for Itd processes was shown in [39] under some regularity
conditions, and we extend this to the case of nondiagonal X, i.e., allowing correlated driving Brownian
motions, for Ornstein-Uhlenbeck processes.

We assume that the Ornstein-Uhlenbeck process, X = (X;);»0, is started at time zero and before
stating the global Markov property, we will describe a condition on the initial distribution, that is, the
distribution of X. Let D be a cDG. We say that the distribution of X is compatible with D if for all
disjoint A, B,C ¢ [n] itholds that A L, B | C in D (see a definition of m-separation in the supplementary
material [38]) implies that X(;‘ and X(’)B are conditionally independent given XOC . This is a quite natural
assumption on the distribution of Xj in the following sense. From D, we can construct a directed mixed
graph (DMG), G, by simply replacing blunt edges in D with bidirected edges. Such a DMG has been
used as a graphical representation of a linear structural equation model [30],

Xo=u+BXy+e,

where the directed edges of G represent the nonzero entries of the matrix B and the bidirected edges
of G represent a nonzero correlation in the covariance of the Gaussian noise term &. If X is generated
from a linear structural equation model with sparsity represented by G (the DMG corresponding to
D), then it follows from global Markov properties in this model class that the distribution of Xj is
compatible with D [30,57].

Theorem 10. Let X = (X;),50 be a regular Ornstein-Uhlenbeck process, let D be its canonical lo-
cal independence graph (Definition 6), and let A,B,C C [n]. Assume that X is a (non-degenerate)
multivariate Gaussian vector and that X is independent of the Brownian motion driving the Ornstein-
Uhlenbeck process. Assume furthermore that the distribution of Xy is compatible with D. Then X
satisfies the global Markov property with respect to D.

The result allows us to infer sparsity in the dependence structure in the evolution of the process
from structural sparsity encoded by a cDG and u-separation. The proof of Theorem 10 is found in the
supplementary material [38] and it uses a set of equations describing the conditional mean processes,
t~E[XY | FV], [n] = U O W, see [33]. From these somewhat explicit representations, one can reason
about the measurability of the conditional mean processes. If every local independence in X implies a
p-separation in D, we say that X is faithful to D. One could possibly use similar techniques to show
faithfulness results in the class of Ornstein-Uhlenbeck processes.

The following sections of the paper will develop the graph theory needed to answer questions about
local independence via properties of a local independence graph. This theory can be applied as long as
the processes considered have the global Markov property.

3. Directed correlation graphs

A graph is a pair (V,E) where V is a set of nodes and E is a set of edges. Each node represents a
coordinate process and therefore we will let V = {1,2...,n} = [n] when we model a stochastic process
X = (Xt )re7 such that X; = (X{") ye[n] € R". Every edge is between a pair of nodes. Edges can be of
different types. In this paper, we will consider directed edges, —, bidirected edges, <>, and blunt edges,
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—. Let @, B € V. Note that @« — 8 and 8 — « are different edges. We do not distinguish between a <> 3
and 8 <> @, nor between « — 8 and 8 — «. We allow directed and bidirected loops (self-edges), @ — @
and @ <> a, but not blunt loops, @ — «. If the edge @ — f is in a graph, then we say that « is a parent of
B and write « € pa(B). If @ and B are joined by a blunt edge, @ — S, then we say that they are spouses.
We use @ ~ 8 to symbolize a generic edge between a € V and 8 € V of any of these three types. We say
that & and S8 are adjacent in the graph D if @ ~ 8 in D. We use the notation @ ~p 8 to highlight that the
edge is in D and we use subscript ~; to identify edges, j € N. We use @ *— § to symbolize that either
a—pora<p.

Definition 11. Let D = (V,E) be a graph. We say that D is a directed graph (DG) if every edge is
directed. We say that D is a directed correlation graph (cDG) if every edge is directed or blunt. We say
that D is a directed mixed graph (DMG) if every edge is directed or bidirected.

One should note that a bidirected edge @ <> B is not the same as the combination of the directed
edges @ — B and a < B. Therefore, between a pair of nodes, @ and 3, in a DMG there may be any
subset of edges {a — B,@ < B,a < B}. See Figure 3 for an example cDG and an example DMG.

The class of DMGs is studied by Mogensen and Hansen [37],Mogensen et al. [39]. Eichler [17, 19]
studies classes of graphs similar to cDGs as well as a class of graphs which contains both the DMGs and
the cDGs as subclasses. Varando and Hansen [59] use cDGs as representations of sparse parametriza-
tions of equilibrium covariance matrices of stochastic processes in the context of structure learning.
This paper is mostly concerned with the class of cDGs, however, we mention the DMGs for two rea-
sons: 1) to compare with the cDGs and demonstrate their differences, and 2) to show that the concept
of u-separation can be applied to both classes of graphs, and therefore also to a superclass of graphs
containing both the DMGs and the cDGs. In a ¢cDG, a directed edge corresponds to a direct depen-
dence in the drift of the process while a blunt edge represents a correlation in the driving Brownian
motions (Definition 4). In a DMG, a directed edge has the same interpretation as in a cDG, however,
a bidirected edge corresponds to a dependence arising from partial observation, i.e., marginalization.
Correlated driving Brownian motions and marginalization create different local independence struc-
tures, hence the distinction between DMGs and c¢DGs.

) @)

== (D=0
U U U U ¥ ¥

Figure 3. Example cDG (left) and example DMG (right). The blunt edges in a cDG correspond to correlated
driving processes which is different from the bidirected edges of a DMG as those correspond to marginalization,
i.e., unobserved processes. The notion of u-separation can be applied to both classes of graphs. Left: cDG on
nodes V ={a,B,7,6}. y is p-separated (Definition 13) from 6 by @ as 8 ¢ an(«) is a collider on any walk from &
to y. On the other hand, « is not y-separated from S given & as, e.g., 8 — @ — « is pu-connecting given &. The
same walk is not u-connecting from S to @ given a, however, 8 < § — «a is p-connecting from S to @ given . We
see that « is u-separated from 3 given {a,6}. Right: bidirected edges have heads at both ends and this means that
B < a is u-connecting from S to @ given any subset of V \ {B}. In particular, @ is not u-separated from S given
{@,6}. This is not true in the cDG (left).
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A walk, w, is an ordered, alternating sequence of nodes (y;) and edges (~;) such that each edge, ~;,
is between y; and y;, 1,

Y1i~1Y2~2 o0 Yk Vi+1-

For each directed edge, its orientation is also known as otherwise @ - @ and «@ < a would be indistin-
guishable. We say that y| and y | are endpoint nodes, and we say that the walk is from y; to yy . For
later purposes, orientation of the walk is essential. We let w™! denote the walk obtained by traversing
the nodes and edges of w in reverse order. At times, we will also say that a walk, w, is between vy and
Yk+1, but only when its orientation does not matter in which case we essentially identify w with w™'.
We say that a walk is trivial if it has no edges and therefore only a single node, and otherwise we say
that it is nontrivial. Consider a walk as above. We say that a non-endpoint node, y;, i ¢ {1,k + 1}, is a
collider if the subwalk

Yi-1~i-1Yi ~i Yi+l

is of one of the following types

Yi-1 *2Yi <* Yi+l»

Yi-1 *>Yi = Yi+l»
Yi-1 =Yi <* Yi+l»
Yi-1 =Yi = Yi+ls

and otherwise we say that it is a noncollider. This means that the property of being a collider or a
noncollider is relative to a walk and, seeing that nodes may be repeated on a walk, it is actually a
property of an instance of a node on a specific walk. Note that endpoint nodes are neither colliders nor
noncolliders. We say that @ and S8 are collider connected if there exists a (nontrivial) walk from « to 8
such that every non-endpoint node is a collider.

We say that @ *— ( has a head at 3, and that @ — 8 has a rail at . We say that & — 8 has a stump
at . We say that edges @ —  and a *— 8 have a neck at . It follows that y; above is a collider if and
only if both adjacent edges have a neck at y;. A path is a walk such that every node occurs at most once.
We say that a path from « to S is directed if every edge on the path is directed and pointing towards 3.
If there is a directed path from @ to 3, then we say that  is an ancestor of 8 and that g is a descendant
of a. We let an(8) denote the set of ancestors of 3, and for C ¢ V, we define an(C) = U ccan(y). We
let an(yy,...,yx ) denote an({yy,...,yx }). Note that C can(C). A cycle is apath @ ~ ... ~ § composed
with an edge 8 ~ a. If the path from « to S is directed and the edge is 8 — «, then we say that the cycle
is directed. A DG without any directed cycles is said to be a directed acyclic graph (DAG).

When D = (V,E) is a graph and V ¢V, we let Dy, denote the induced graph on nodes V, i.e.,
Dy = (V,E),

E={ecE: eisbetween a,BeV}.

We will use p-connecting walks and u-separation to encode independence structures using cDGs.
These concepts were introduced in [37,39] and they generalize the notion of §-separation [13,15]. u-
separation was originally used in DMGs, though the adaptation to cDGs is straightforward.
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Definition 12 (u-connecting walk [37]). Consider a nontrivial walk, w,

a~1 Y2~ ~k—1 Y~k B

and a set C € V. We say that w is y-connecting from « to 8 given C if a ¢ C, every collider on w is in
an(C), no noncollider is in C, and ~ has a head at S.

It is essential that the above definition uses walks, and not only paths. As an example consider
a — B < . In this graph, there is no u-connecting path from a to 8 given 3, but there is a y-connecting
walk.

Definition 13 (u-separation [37]). Let D = (V,E) be acDG or a DMG and let A, B,C € V. We say that
B is u-separated from A given (or by) C in D if there is no u-connecting walk from any « € A to any
B € B given C and we denote thisby A 1, B|C [D], orjust AL, B|C.

When sets A, B, or C above are singletons, e.g., A = {a}, we write @ instead of {«} in the context
of p-separation. We say that the set C in the definition of u-separation is a conditioning set. Mogensen
and Hansen [37] introduced p-separation as a generalization of d-separation [13,15], however, only
in DMGs, and not in cDGs. As in other classes of graphs, one can decide u-separation in cDGs by
using an auxiliary undirected graph, known as a moral or augmented graph. This is described in the
supplementary material [38]. We will mostly use the above walk-based definition, though at times we
use or mention the definition using augmented graphs when this definition is particularly useful.

The following definitions are often applied in the literature to different classes of graphs and sepa-
ration criteria. When D = (V,E) is a cDG or DMG, we define its independence model (or separation
model), Z(D), as the collection of u-separations that hold, i.e.,

(D)= {(A,B,C): AB,C<V, AL, B|C[D]}.

Definition 14 (Markov equivalence). Let D = (V,E;) be a cDG or a DMG and let D, = (V,E;) be a
¢DG or a DMG. We say that Dy and D, are Markov equivalent if Z(D;) =Z(D,).

For any finite set V, Markov equivalence is an equivalence relation on a set of graphs with node set
V. When D is a cDG or a DMG, we let [D] denote the Markov equivalence class of D restricted to its
own class of graphs. That is, if D is a cDG, then [D] denotes the set of Markov equivalent ¢cDGs. If
D is a DMG, then [D] denotes the set of Markov equivalent DMGs. For a ¢cDG or DMG, D = (V,E),
and a directed, blunt, or bidirected edge, e, between @ € V and B €V, we use D + e to denote the graph
(V,Eu{e}).

For graphs D; = (V,E1) and D, = (V, E,), we write D1 € D, if E| € E;. Graphical separation criteria
(including p-separation) are most often monotone in the sense that if D; € D,, then Z(D,) c Z(D).
In this case, we define the notion of a maximal graph.

Definition 15 (Maximality). Let D = (V,E) be acDG (DMG). We say that D is maximal if no directed
or blunt (directed or bidirected) edge can be added Markov equivalently, i.e., if for every directed
or blunt (directed or bidirected) edge, e, such that e ¢ E, it holds that D and D + e are not Markov
equivalent.

Remark 16. Eichler [17],Eichler and Didelez [22], and Eichler [18] describe graphs that represent local
independence (or Granger non-causality) in time series in the presence of correlated noise processes.
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In those papers, undirected (dashed or solid) edges, —, are used to represent the correlations among the
noise variables, while we use blunt edges, —. Using an undirected edge could suggest that the edge
acts like an edge with tails in both ends which is not the case. A blunt edge does also not act like a
bidirected edge in a DMG, and this warrants the usage of an edge with a third kind of mark.

Notational clarity and simplicity become even more important when considering graphical marginal-
izations of cDGs. When marginalizing a cDG one needs to consider edges that, when composed with
other edges, act like a blunt edge in one end and like a directed edge in the other (see also [19]). This
can naturally be visualized by the edge . For example, the graph @ — §+— 7y — ¢ leads to the graph
a — 8~ 6 when y is marginalized away. We will not in this paper pursue this larger class of graphs,
but our choice of the blunt edge, —, to represent correlations among the noise variables was made so
that it extends naturally to marginalized cDGs.

4. Markov equivalence of directed correlation graphs

Different cDGs can encode the same separation model and in this section we will describe the Markov
equivalence classes of cDGs. This is essential as it allows us to understand which graphical structures
represent the same local independencies. This understanding is needed if we want to learn graphical
representations from tests of local independence in observed data. We begin the section by noting a
strong link between the independence model of a cDG and its directed edges.

Proposition 17. Let D = (V,E) be a cDG. Then a —p B if and only if @ 1, B|V \ {a} does not hold.

The proposition can be found in [37] in the case of DGs. It implies that if D and D, are Markov
equivalent cDGs, then they have the same directed edges, and therefore anp, (C) = anp, (C) for all
node sets C. We will often omit the subscript when it is clear from the context from which graph(s) the
ancestry should be read.

Proof. If the edge is in the graph, it is u-connecting given any subset of V that does not contain «, in
particular given V \ {@}. On the other hand, assume a — 3 is not in the graph. Any y-connecting walk
from « to 8 must have a head at §3,

a~...~y—=f.

We must have that y # @, and it follows that vy is in the conditioning set, i.e., the walk is closed. O

In graphs that represent conditional independence in multivariate distributions, such as ancestral
graphs and acyclic directed mixed graphs, one can use inducing paths to characterize which nodes
cannot be separated by any conditioning set [45,60]. In DMGs, inducing paths can be defined similarly
[37]. In cDGs, we define both inducing paths and weak inducing paths. We say that a path is a collider
path if every non-endpoint node on the path is a collider. If a # 8, then @ — 8 and a — 8 are both
collider paths.

Definition 18 (Inducing path (strong)). A (nontrivial) collider path from « to 8 is a (strong) inducing
path if the final edge has a head at § and every non-endpoint node is an ancestor of « or of .

Mogensen and Hansen [37] also allow cycles in the definition of inducing paths. In the following,
we assume that @ - « for all @ € V and therefore this would be an unnecessary complication. We
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see immediately that in a cDG, the only inducing path is a directed edge. However, we include this
definition to conform with the terminology in DMGs where more elaborate inducing paths exist. In
this paper, we drop one of the conditions from Definition 18 to obtain a graphical structure which is
more interesting in cDGs, a weak inducing path.

Definition 19 (Weak inducing path). A (nontrivial) collider path between « and S is a weak inducing
path if every non-endpoint node is an ancestor of « or of 3.

We note that a strong inducing path is also a weak inducing path. Furthermore, if there is a weak
inducing path from « to 3, there is also one from S to @, and this justifies saying that a weak inducing
path is between @ and § in Definition 19. Also note that a weak inducing path is most often called an
inducing path in the literature on acyclic graphs. When we just say inducing path, we mean a strong
inducing path.

If D is a cDG such that @ —p a for all @ € V, then we say that D contains every loop. From this point
on, we will assume that the cDGs we consider all contain every loop.

Proposition 20. Let D = (V,E) be a ¢cDG such that @ — « for all @ € V. There is a weak inducing path
between « and B if and only if there is no C €V \ {a,B} such that L, | C.

Mogensen and Hansen [37] show a similar result in the case of strong inducing paths in DMGs. We
say that S is inseparable from « if there is no C €V \ {a} such that B is u-separated from @ by C.

Example 21. Mogensen and Hansen [37] use u-separation in directed mixed graphs (DMGs) to rep-
resent local independence models. It is natural to ask if the independence models of cDGs can be
represented by DMGs. The answer is no and to show this we consider the cDG in Figure 4A. We ask

A

U U U

50
{3 O—E7 0
A YT

Figure 4. A: A ¢cDG, D, on nodes V = {a, 8,7} such that the separation model Z(D) cannot be represented by a
DMG on nodes V (see Example 21). B: A directed graph (DG). C: When the §-node (5-process) is unobserved in
B, the DG marginalizes to the directed mixed graph (DMG) in C in the sense that the local independencies over
the observed set of coordinate processes, {a,3,y}, implied by u-separation are the same in graphs B and C [37].
Bidirected loops are omitted from the visualization of the DMG.
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then if there exists a DMG on the same node set which has the same set of u-separations as this cDG. In
the cDG, we see that the node 7y is separable from « and vice versa, i.e., there can be no edge between
the two in the DMG. The node v is not separated from « given {8}, and therefore 8 must be a collider
on a path between the two. However, then there is a head at 8 on an edge from y and therefore g is
inseparable from y which is a contradiction. This shows that the independence model of the cDG in
Figure 4A cannot be represented by any DMG on the same node set. It follows that the set of separation
models of cDGs on some node set is not in general a subset of the separation models of DMGs on the
same node set. Similarly, one can find DMGs that are not Markov equivalent with any cDG.

The DMGs represent local independence in partially observed stochastic processes (some coordinate
processes may be unobserved) through a global Markov property using u-separation. The bidirected
edges represent unobserved ‘confounder’ processes in the DMGs, i.e., confounder processes that have
been marginalized away (see Figure 4, graphs B and C, for an example). Both DMGs and cDGs repre-
sent local independence through their respective global Markov properties and p-separation. We note
that the local independence models corresponding to marginalization and correlated noise are different
when represented by DMGs and cDGs, respectively, as there exist DMGs that are not Markov equiva-
lent with any ¢cDG and vice versa.

DGs constitute a subclass of cDGs and within the class of DGs every Markov equivalence class is a
singleton, i.e., two DGs are Markov equivalent if and only if they are equal.

Proposition 22 (Markov equivalence of DGs [37]). Let D) = (V,E1) and D, = (V,E,) be DGs. Then
D, €[D,] if and only if Dy = D;.

Proposition 22 does not hold in general when D and D, are cDGs. As an example, consider a graph
on nodes {«,B} such that @« - 8 and 8 — «@. This graph is Markov equivalent with the graph where
a — 3 is added. The next result is an immediate consequence of Proposition 17 and shows that Markov
equivalent cDGs always have the same directed edges.

Corollary 23. Let D = (V,E}) and D, = (V,E;) be c¢DGs. If they are Markov equivalent, then for all
a,B €V it holds that « —»p, B if and only if « >p, B.

We say that a graph, D, is a greatest element of its equivalence class, [D], if it is a supergraph of
all members of the class, i.e., D €D for all D € [D]. We say that D is a least element if D ¢ D for all
D € [D]. Mogensen and Hansen [37] show the below result on Markov equivalence.

Theorem 24 (Greatest Markov equivalent DMG [37]). Let G be a directed mixed graph. Then [G]
has a greatest element (within the class of DMGs), i.e., there exists G € [G] such that G is a supergraph
of all Markov equivalent DMGs.

The theorem provides a concise and intuitive way to understand sets of Markov equivalent DMGs.
If G is a DMG, then we can visualize [G] by drawing its greatest element and simply showing which
edges are in every DMG in [G] and which are only in some DMGs in [G]. ¢cDGs represent local
independencies allowing for correlation in the driving noise processes and one can ask if the same
result on Markov equivalence holds in this class of graphs. The answer is in the negative as illustrated
by the following example.

Example 25. Consider the graph, D, to the left on the first row of Figure 5. The edge @ — y can be
added Markov equivalently and the edge 8 — vy can be added Markov equivalently (center and right
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Figure 5. First row: An equivalence class illustrating that a greatest element need not exist (see Example 25).
Second row: The left and center graphs are Markov equivalent. The graph on the right is the largest graph which
is a subgraph of both of them, and this graph is not Markov equivalent, i.e., the Markov equivalence class of the
left and center graphs does not have a least element. Theorem 31 gives a characterization of Markov equivalence
of cDGs.

graphs), but adding them both results in a graph which is no longer Markov equivalent with D. This
shows that the equivalence class of D does not contain a greatest element. Figure 5 also gives an
example showing that an equivalence class of cDGs does not necessarily contain a least element.

4.1. A characterization of Markov equivalence of cDGs

When we have a global Markov property, such as the one in Theorem 10, the u-separations of a cDG
imply local independencies in the distribution of the stochastic process. We saw in Figure 5 that differ-
ent cDGs may represent the same p-separations and it is therefore important to understand which cDGs
are equivalent in terms of the u-separations that they entail, that is, are Markov equivalent. The central
result of this section is a characterization of Markov equivalence of cDGs. We introduce the notion of
collider equivalence of graphs as a first step in stating this result.

Definition 26. Let Dy = (V,E;), D; = (V,E;) be ¢cDGs with the same directed edges, and let w be a
(nontrivial) collider path in D;,

@Y~y B

We say that w is covered in D, if there exists a (nontrivial) collider path in D,
a~Fi~ Vi~ P
such that for each ¥; we have 7; € an(a, ) or ¥, € U;an(y;).

In the above definition {y;} or {¥;} may be the empty set, corresponding to & and S being adjacent,
a ~ f3. One should also note that a single edge, o ~ 3, constitutes a collider path between « and 8 (when
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a + B) and that a single edge covers any collider path between « and 3 as it has no non-endpoint nodes.
When D; and D, have the same directed edges it holds that anp, (C) = anp, (C) for all C ¢V and
therefore one can read the ancestry of @, 8, and {y;} in either of the graphs in the above definition.

Definition 27 (Collider equivalence). Let D and D, be cDGs on the same node set and with the
same directed edges. We say that D and D, are collider equivalent if every (nontrivial) collider path
in Dy is covered in D, and every (nontrivial) collider path in D; is covered in D;.

In the context of collider equivalence, the convention that every node is an ancestor of itself, i.e.,
v €an(y) for all y € V, is important. From this convention, it follows immediately that every cDG is
collider equivalent with itself. However, this would not necessarily be the case without this convention.

We do not need to consider walks in the above definitions (only paths) as we assume that all directed
loops are included and therefore all nodes are collider connected to themselves by assumption. If there
is a collider walk between a and 8 (@ # ), then there is also a collider path. Furthermore, if a collider
walk between @ and B (a # ) in D is covered by a collider walk in D,, then it is also covered by a
collider path, and we see that one would obtain an equivalent definition by using collider walks instead
of collider paths in Definitions 26 and 27.

Remark 28. Collider equivalence implies that two graphs have the same weak inducing paths in the
following sense. Assume w is a weak inducing path between « and S in Dy, and that D; and D, are
collider equivalent and have the same directed edges. In D,, there exists a collider path, @, such that
every non-endpoint node is an ancestor of a node on w, i.e., an ancestor of {@,} using the fact that
is a weak inducing path. This means that @ is a weak inducing path in D,.

Lemma 29. Let Dy = (V,E), D, = (V,E) be ¢cDGs that contain every loop. If Dy and D, are not
collider equivalent, then they are not Markov equivalent.

Proposition 30. Assume «,B ¢ C. If w is a collider path between « and 3 such that every collider is
in an({a,B} U C), then there is a walk between a and B such that no noncollider is in C and every
collider is in an(C).

A more general version of Proposition 30 was shown by Richardson [44] using a similar proof and
m-separation (a definition of m-separation is given in the supplementary material [38]).

Theorem 31 (Markov equivalence of cDGs). Let Dy = (V,E1) and D, = (V,E,) be ¢DGs that contain
every loop. The graphs Dy and D, are Markov equivalent if and only if they have the same directed
edges and are collider equivalent.

We give a direct proof of this theorem. One can also use the augmentation criterion in the supple-
mentary material [38] to show this result.

Proof. Assume first that D; and D, have the same directed edges and are collider equivalent. Then
anp, (C) =anp, (C) for all C €V so we will omit the subscript and write simply an(C). Let w denote
a u-connecting walk from a to 8 given C in D;. We will argue that we can also find a y-connecting
walk in D,. We say that a nontrivial subwalk of w is a maximal collider segment if all its non-endpoint
nodes are colliders on w, its endpoint nodes are not colliders, and it contains at least one blunt edge
(note that on a general walk this should be read as instances of these nodes and edges as nodes and
edges may be repeated on a walk). We can partition w into a sequence of subwalks such that every
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Figure 6. The two cDGs constitute a Markov equivalence class, and they are both seen to be maximal. However,
they do not have the same adjacencies. A similar phenomenon can occur in DGs (without loops) under d-separation
[46,48].

subwalk is either a maximal collider segment, or a subwalk consisting of directed edges only. We note
that maximal collider segments may be adjacent, i.e., share an endpoint. Every segment of «w that
consists of directed edges only is also present in D,. Consider a maximal collider segment between o
and . This is necessarily a collider walk in D;. If ¢ # €, there exists a collider path between § and &
in Dy, and therefore a covering collider path, p, in D, using collider equivalence. The final edge of w
must be directed and point towards the final instance of 8 and therefore S is not in a maximal collider
segment, and J and ¢ are not the final node on w. If § = &, then we can remove this segment from w
and obtain a connecting walk as the final g is not an endpoint of a maximal collider segment. Assume
0 # €. 0 and & are noncolliders on w, or endpoint nodes on w. If § = @ or € = @, then they are not in C.
In either case, we see that d,& ¢ C. We will now find an open (given C) walk between ¢ and € using p.
We know that p is a collider path and that every non-endpoint node on p is an ancestor of {§,&} or of
a collider in the original maximal collider segment, and therefore of C. It follows from Proposition 30
that we can find a walk between & and & such that no noncollider is in C and every collider is in an(C).
We create a walk from @ to 8 in D, by simply substituting each maximal collider segment with the
corresponding open walk. This walk is open in any node which is not an endpoint of a maximal collider
segment. If an endpoint of a maximal collider segment changes collider status on this new walk, then it
must be a noncollider on w and a parent of a node in an(C), i.e., also in an(C) itself. Finally, we note
that the last segment (into ) is not a maximal collider segment and therefore still has a head into .
On the other hand, if they do not have the same directed edges, it follows from Proposition 17 that
they are not Markov equivalent. If they are not collider equivalent, it follows from Lemma 29 that they
are not Markov equivalent. O

In the case of directed acyclic graphs it holds that Markov equivalent graphs have the same adjacen-
cies, however, this is not true in the case of cDGs, and in fact, it is also not true among maximal cDGs
(Definition 15) as seen in Figure 6.

Proposition 32. Let D= (V,E) be a ¢cDG, and let a,3 € V. Let e denote a blunt edge between a and B.
If @ and B are connected by a weak inducing path consisting of blunt edges only, then D + e € [ D].

4.2. Markov equivalent permutation of nodes

The example in Figure 6 shows a characteristic of some Markov equivalent cDGs. In the example, one
can obtain one graph from the other by a permutation of the endpoints of blunt edges within the set
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{y,6}. In this section, we formulate sufficient conditions for a cDG to be Markov equivalent with a
permutation graph. While the formal definition of a permutation graph is new to our knowledge, the
basic idea is also found in earlier work on Markov equivalence of DGs under d-separation [46,48].

Definition 33 (Cyclic set). We say that S €V is a cyclic set if for every (@,B) € S x S, it holds that
a €an(p).

The following is a formal definition of a permutation graph as illustrated in the example of Figure 6.

Definition 34 (Permutation graph). Let D = (V,E) be a cDG and let p be a permutation of the node
set, V. We define P, (D) as the cDG on nodes V such that

a—p,p)B ifandonlyifa—pp,
p(a) =P, (D) p(B) if and only if @ —p .

Proposition 35. Let D = (V,E) be a cDG which contains every loop and let SCV. Let p be a permu-
tation of V such that p(«) =« for all @ ¢ S. If pa(B) = pa(y) for all B,y €S, then P,(D) € [D].

Note that pa(B) = pa(y) implies that 8 —>p y as B8 € pa(f) for all 8. Furthermore, the fact that
B —p vy for all B,y €S implies that S is a cyclic set.

Figure 6 shows two graphs that are Markov equivalent by Proposition 35. In some graphs one can find
permutations, not fulfilling the assumptions of Proposition 35, that generate Markov equivalent graphs,
and this proposition is therefore not a necessary condition for Markov equivalence under permutation
of blunt edges. One example is in the first row of Figure 7. The center and right graphs are Markov
equivalent and one is generated from the other by permuting the blunt edges of S and y, however, the
conditions of Proposition 35 are not fulfilled.

5. Deciding Markov equivalence

In this section, we will consider the problem of deciding Markov equivalence algorithmically. That is,
given two cDGs on the same node set, how can we decide if they are Markov equivalent or not? A
possible starting point is Theorem 31. While it is computationally easy to check whether the directed
edges of two cDGs are the same (quadratic in the number of nodes in their mutual node set), collider
equivalence could be hard as there may be exponentially many collider paths in a cDG. In this section,
we give a different characterization of Markov equivalence (Theorem 36) which proves the correctness
of a simple algorithm (Algorithm 1) for deciding Markov equivalence of two cDGs. This algorithm
avoids checking each collider path explicitly. However, in the worst case it also has a superpolynomial
runtime which is to be expected due to the complexity result in Theorem 42.

The directed part of a ¢cDG, D(D) = (V,F), is the DG on nodes V such that @ »pp) g if and
only if @ —p B. The blunt part of a cDG, U(D), is the ¢cDG obtained by removing all directed edges.
Let G = (V,E) be a graph with only blunt edges. The connected components of G are the disjoint sets,
V1,...,V;, such that u;V; = V and such that @, 8 € V; if and only if there is a path in G connecting « and 3.
The connected components can be found in time which is proportional to max(|V|,|E|) [26]. The blunt
components of D are the connected components of U(D). We say that Dy = (V,E;) and D, = (V,E,)
have the same collider connections if it holds for all @ € V and S € V that a and 8 are collider connected
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segments. First row: These are three members of a Markov equivalence class of size 21. The only restriction on 2’
combinations of blunt edges (all but 8 — y can be present) is the fact that we cannot have both @ — 8 and @ — y
present and that either (@,6), (8,6), or (,6) are spouses as otherwise there would not be a weak inducing path
between a and 6. Second row: These graphs are Markov equivalent. The collider path @ — 8 — ¢ in the first graph
is covered in the two others by the walk @ —y — § as y € an(8). The edge 8+ § is covered by the weak inducing
path 6 — y < B in the center and right graphs of the row. The equivalence class of these graphs has cardinality
16 which is every combination of blunt edges (excluding @ — ¢ which cannot be in a Markov equivalent graph)
that makes the graph connected via blunt edges as well as two more (one of which is the rightmost graph of this
row). Third row: The first graph is not collider equivalent with the following two: the collider path @ — S+ ¢ is
not covered by any collider path in the second graph; the collider path @ — 7 is not covered by any collider path in
the third.

in Dy if and only if they are collider connected in D,. We say that a subset of nodes, A, is ancestral if
A=an(A). We will only consider cDGs that contain every loop.

We start from the following result which is seen to be a reformulation of the augmentation criterion
in the supplementary material [38].
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Algorithm 1 Markov equivalence
Require: cDGs, D, =(V,E}),D, = (V,E,)
if D(Dl ) * D(Dz) then
return FALSE
end if
for Ac A(C(Dy)) do
Define A=Ucea C
if (D)4 and (D;) 4 do not have the same collider connections then
return FALSE
end if
end for
return TRUE

Theorem 36. Let Dy = (V,E,) and D, = (V,E,) be ¢DGs (both containing every loop) such that
D(Dy) =D(D,). D; and D, are Markov equivalent if and only if for every ancestral set it holds
that (D1)a and (D) s have the same collider connections.

The above theorem can easily be turned into an algorithm for deciding if two cDGs are Markov
equivalent (Algorithm 1). However, there may be exponentially many ancestral sets in a cDG. For
instance, in the case where the only directed edges are loops all subsets of V are ancestral and therefore
the algorithm would need to compare collider connections in 2" pairs of graphs where n is the number
of nodes in the graphs (of course, one could omit the empty set and singletons).

5.1. An algorithm for deciding equivalence

In the algorithm based on Theorem 36 we will use the condensation of a cDG. This is not needed, but
does provide a convenient representation of the ancestor relations between nodes in a cyclic graph. Let
D = (V,E) be acDG. We say that @, B € V are strongly connected if there exists a directed path from a to
S and a directed path from S to @, allowing trivial paths. Equivalently, @ and g are strongly connected
if and only if @ € an(B) and S € an(«). This is an equivalence relation on the node set of a cDG and
we say that the equivalence classes are the strongly connected components of the graph. The definition
of strong connectivity is often used in DGs [10]. We simply use a straightforward generalization to
the class of cDGs such that the directed part of the cDG determines strong connectivity. The strongly
connected components are also the maximal cyclic sets (Definition 33).

The condensation of D (also known as the acyclic component graph of D) is the directed acyclic
graph obtained by contracting each strongly connected component to a single vertex. That is, if
Ci,...,Cy, are the strongly connected components of D (C; € V for all i), then the condensation of
D has node set C = {Cy,...,Cp} and C; — C; if i # j and there exists @ € C;, 8 € Cj such that @ —>p S8
[10]. We denote the condensation of D by C(D). We also define the completed condensation of D,
C(D), which is the graph on nodes C u {@} such that C(D)¢ =C(D) and such that & is a parent of ev-
ery other node and a child of none. The condensation and the completed condensation are both DAGs.
When D has d directed edges that are not loops, then strongly connected components can be found in
linear time, that is, O(n + d) where n = V| [10].

In the following, we will be considering sets of nodes in D, i.e., subsets of V, as well as sets of nodes
in C(D), that is, subsets of C. We write the former as capital letters, A,B,C. We write the latter as
capital letters in bold font, A, B, C, to emphasize that they are subsets of C, not of V.



Graphical modeling of stochastic processes driven by correlated noise 3045

Proposition 37. The ancestral sets in D are exactly the sets of the form Ucea C for an ancestral set,
A, inC(D).

The above proposition shows that we can consider the condensation when finding ancestral sets in a
cDG. We let A(D) denote the set of ancestral sets in D. The correctness of Algorithm 1 follows from
Theorem 36 and Proposition 37. The algorithm considers ancestral sets in the condensation, however,
a version using ancestral sets directly in D; is of course also possible and this essentially gives an
equivalent algorithm. In the algorithm, one can decide collider connectivity by noting that @ and 3 are
collider connected in a cDG, D, if and only if there exists a blunt component, U, such that & € papy (U)
and B e pap (U), using that the graphs contain every loop.

5.2. Virtual collider tripaths

This section describes a graphical structure that we will call a virtual collider tripath. We will use these
to give a necessary condition for Markov equivalence which is computationally easy to check. How-
ever, this is only a necessary condition and not sufficient for Markov equivalence. The results in this
subsection therefore lead to an algorithm for checking Markov equivalence which is computationally
feasible, but is only an approximation in the sense that it will not always correctly distinguish between
graphs that are not Markov equivalent. In the next section we see that the problem of deciding Markov
equivalence of cDGs is coNP-complete and therefore we should not expect to find an algorithm which
is always correct and also computationally efficient.

Definition 38 (Virtual collider tripath). Let @,3 €V and let C be anode in C(D), i.e., C is a strongly
connected component or the empty set. We say that («,3,C) is a virtual collider tripath if there exists
a (nontrivial) collider path & ~ y1 ~...¥m, ~ B such that y; ean({a,B} UC) foralli=1,...,m

Note that if & = 3, then there is no path fulfilling the requirements of Definition 38, hence (a,«,C) is
not a virtual collider tripath for any C. Richardson [47] describes virtual adjacencies in DGs equipped
with d-separation. Those are structures that in terms of separation act as adjacencies. The idea behind
virtual collider tripaths is similar; for a fixed pair of nodes, @ and S, a virtual collider tripath, («,3,C),
acts as if there exists y € C such that @ ~y ~ 3 is a collider walk. Note also that if @ and 8 are adjacent,
then (a,,C) is a virtual collider tripath for any strongly connected component C. Finally, note that
there are no restrictions on whether or not «, 8, or both are elements in the set Cc V.

Definition 39 (Maximal virtual collider tripath). We say that a virtual collider tripath, (a,,C), is
maximal if there is no C # C such that (,,C) is a virtual collider tripath and C is an ancestor of C in

e(D).

We say that two cDGs, D, and D,, have the same (maximal) virtual collider tripaths if it holds that
(@,B,C) is a (maximal) virtual collider tripath in D; if and only if (@,B,C) is a (maximal) virtual
collider tripath in D;.

Proposition 40. Ler C be a strongly connected component or the empty set. If (,3,C) is not a virtual
collider tripath and « # 3, then B and a are m-separated by an({a,8} U C) ~ {a,B}.

A definition of m-separation can be found in the supplementary material [38]. The next theorem
gives a necessary condition for Markov equivalence of cDGs.
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Theorem 41. Let Dy = (V,E;) and D, = (V,E,) be cDGs containing every loop. If they are Markov
equivalent, then they have the same directed edges and the same maximal virtual collider tripaths.

The example in Figure 8 shows that having the same directed edges and the same maximal virtual
collider tripaths is not a sufficient condition for Markov equivalence.

5.3. Complexity of deciding Markov equivalence

We have given two characterizations of Markov equivalence of cDGs and argued that they both use
exponentially many conditions in the worst case. In this section, we prove that this, most likely, cannot
be circumvented.

coNP is the class of decision problems for which a no-instance can be verified using a polynomial-
length counterexample in polynomial time and a problem is in coNP if and only if its complement is
in NP. If a problem is as hard as any problem in coNP, then we say that the problem is coNP-hard. If
a problem is coNP-hard and also in coNP, we say that it is coONP-complete [23,54]. Various inference
problems in graphical models are known to be computationally hard [7,8,29,35]. On the other hand,
there exist polynomial-time algorithms for deciding Markov equivalence in several classes of graphs,
e.g., maximal ancestral graphs [4] and DGs under d-separation [48]. This is different in cDGs under
[-separation.

Theorem 42. Deciding Markov equivalence of cDGs is coNP-complete.
The complexity result implies that, unless P = coNP (which is commonly believed to not be the

case), one cannot find a characterization of Markov equivalence of cDGs which allows us to decide
equivalence of two cDGs in polynomial time as a function of the size of the graphs.

6. Conclusion

We have studied graphs that represent independence structures in stochastic processes that are driven
by correlated noise processes. We have characterized their equivalence classes in two ways and proven
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that deciding equivalence is coNP-complete. The characterizations of Markov equivalence do, however,
suggest subclasses of ¢cDGs in which deciding Markov equivalence is feasible, e.g., in cDGs with
blunt components of bounded size, or in cDGs with other restrictions on blunt paths (Mogensen [36,
Chapter 4] provides an example).

We have also shown a global Markov property in the case of Ornstein-Uhlenbeck processes driven
by correlated Brownian motions. It is an open question if and how this can be extended to other or
larger classes of continuous-time stochastic processes.

The definition of a canonical local independence graph which was used to prove the global Markov
property resembles that of a causal graph. In time series models (discrete time) a causal semantics can
be defined rigorously [21] and by extending the material in the present paper one may possibly provide
a causal semantics in the continuous-time framework.
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This document contains proofs of results in the paper “Graphical modeling
of stochastic processes driven by correlated noise” as well as an augmentation
criterion for deciding p-separation in ¢cDGs. The concept of m-separation is
found in Definition S2.

All cross-references to objects in this document are prepended with an ‘S’
and all other cross-references are to objects in the main text.

S1 Augmentation criterion for pu-separation in
cDGs

In this section, we argue that we can decide u-separation in a cDG by considering
an augmented graph, a generalization of a so-called moral graph [S4]. Richard-
son and Spirtes [S18], Richardson [S17] use a similar approach to decide m-
separation in ancestral graphs and acyclic directed mized graphs (m-separation
is defined in the supplementary material [S13]). Didelez [S5] uses moral graphs
to decide d-separation in DGs. The augmentation criterion has also been estab-
lished in DMGs equipped with p-separation [S14] and the analogous result in
cDGs follows from almost identical arguments.

An undirected graph is a graph such that every edge is undirected, o — .
The augmented graph of a ¢cDG on nodes V' is the undirected graph on nodes
V,U = (V,Ey), such that o and § are adjacent in U if and only if o and S are
collider connected in the cDG (omitting loops). Given an undirected graph and
three disjoint subsets of nodes A, B, and C, we say that A and B are separated
by C' if every path between o € A and 8 € B intersects C'.

Proposition S1 (Augmentation criterion for u-separation). Let D = (V, E) be a
¢DG. Let A,B,C ¢V, and assume that B ={f,...,0;}. Let B? = {j7,... ,Bf}
and define the graph D(B) with node set V U BP such that D(B)y =D and



a —=ppy B if « »p Bi and a eV, 3; € B.

We have that A 1, B|C [D] if and only if AN C and B? are separated by C in
the augmented graph of D(B) an(auBruc)-

Proof. The proofs of Propositions D.2 and D.4 by Mogensen and Hansen [S14]
give the result. One can show that for A,B,C cV, A1, B|C [D] holds if and
only if ANC 1,,, B? | C [D(B)] holds (m-separation is found in Definition S2 and
makes no distinction between blunt and bidirected edges). The second statement
is then shown to be equivalent to separation in the relevant augmented graph
using Theorem 1 in [S17]. Richardson [S17] studies acyclic graphs, however, the
proof also applies to cyclic graphs as noted in the paper. O

S2 Proof of Theorem 10

We assume X is a regular Ornstein-Uhlenbeck process (see Example 9) with
drift

M) = M(z - p)

and diffusion matrix o and let ¥ = 067, We let a = —-Mpu and V =U OW. We
will use the following notation which is similar to that of Liptser and Shiryayev

[812]a

508=0pUThY ¥ OUWTw (S1)

508 = opuoiyy + Cuw oW (S2)
T T

SoS=owuowy + owWwoww, (83)

where A%, denotes (Ayw )T for a matrix A and row and column indices U and

W. Note that the above matrices are simply the block components of ¥ = oo,

T T S
E:[UUU UUW][UTUU U;VU]:[ SOST so ] (54)
owu Ooww ll%w Tww (SOS) SoS

Let
me=E (X7 |F).

The following integral equation holds [S12, Theorem 10.3],
t
mg =mgo + / ay + MUUmr + MUWX7W dr (85)
0

t
+ f (50 8+ M) (S0 (dX,)" - (aw + Mwym, + MywX,") dr)
0
(S6)



where mg = E[X([)J | FV ] and ~; is the solution of a differential equation given
below. We can write this as

t
mt=m0+f aU+(MUU—(SOS+%MVTVU)(SOS)_1MWU)mT+MUWX;}V dr
0
t
+ [ (0845 M) 0 ) (XY = (aw + Muw X)) ).
0

The process ~; is given by the following equation [S12, Theorem 10.3],

Y(t) = My + My +s0s (S7)
~ (508 + M) [So ST (508 +3Mipy)" (58)
= (Myu - (s0 S)[S o ST ' Mwu)ve + ve(My - Myyy[So S (s05)T)

(S9)
+505—(508)[S08]  (s08)T =y MLy [S oS My, (S10)

with initial condition g = E[(XY ~mo) (XY -mo)T]. This is known as a differen-
tial Riccati equation. The solution of these equations is unique when we restrict
our attention to solutions such that 7; is symmetric and positive semidefinite
[S12, Theorem 10.3]. Essentially, we will show the global Markov property by
arguing about the measurability of m;, using the sparsity of the matrices that go
into the integral equation. We will achieve this by first describing the sparsity
in the solution of an associated algebraic Riccati equation and this will allow us
to describe the sparsity in the solution of the differential Riccati equation.
For ease of notation, we define matrices

D = My = My [S o517 (50 5)7, (511)
E =M% ,[So ST My, (S12)
F=s0s5-(508)[S08] " (s08)7, (S13)

and this allows us to write the equation as

(1) =D+ Dy = 1B + F.

Note that F' is the Schur complement of S o S in 3. The matrix ¥ is positive
definite by assumption, and therefore so are F' [S7, p. 472] and So S.

Proof of Theorem 10. Let B € B and let t € I. We need to show that
B(X | FA)

is almost surely equal to an ]—'tc -measurable random variable. We can without
loss of generality assume that A and C' are disjoint. The fact that B is pu-
separated from A given C implies that Mga =0,



BN |FMO) = -Mavp+ Y Mg, X+ Y MgsE(X] | F)

~yeAuC d¢AuC
=-Mpyp+ ) Mp, X + > MgsE (X7 | F7)
~yeC depap (B)N(AUC)

where D is the canonical local independence graph. Let U = V N\ AuC. Consider
now the partition of V' given in Proposition S3. We see that pap(8)\ (AuC) ¢
Vi. The matrix Myp — (s0S +7ME;)(SoS)™ My in the integral equation
for the conditional expectation process has the sparsity of DT (i.e., if (D*);; =0
then the ij-entry of that matrix is also zero, see Proposition S3, Corollary S4,
and Lemma S15) and it follows that one can solve for m;? independently of
th V1 as the solution of the smaller system is unique and continuous [S12, S1].
We see that processes XtA do not enter into these equations. This follows from
the sparsity of so S, So S, and of ’th‘TVU, and the fact that My, 4 = 0 and
My, 4 =0, noting that AnV, =@. O

S2.1 Sparsity of the solution of the algebraic Riccati equa-
tion

In order to solve the differential Riccati equation, we will first solve an algebraic
Riccati equation (Equation (S14)) — or rather argue that its solution has a
certain sparsity structure.

0=TD+D'T-TET+F (S14)

The concept of u-separation is similar to that of m-separation [S20, S9, S17]
which has been used in acyclic graphs.

Definition S2 (m-separation). In a graph and for disjoint node sets A, B, and
C, we say that A and B are m-separated given C' (and write A 1,, B | C) if
there is mo path between any o€ A and any B € B such that every collider is in
an(C) and no noncollider is in C.

A path is said to be m-connecting given C' if every collider is in an(C') and no
noncollider is in C'. m-connecting walks are defined analogously. m-separation
is, in contrast to p-separation, a symmetric notion of separation in the sense
that if B is m-separated from A given C, then A is also m-separated from B
given C'. We will use m-separation as a technical tool in our study of cDGs as
some statements are more easily expressed using this symmetric notion.

In the following proposition and its proof, we write A — B | C if there exists
a € A and B € B such that there is walk between « and § with every collider
in an(C) and no noncollider in C' and furthermore there is a neck on the final
edge at (.



Proposition S3. Consider a reqular Ornstein-Uhlenbeck process. Assume V =
UUuW and W =AU C and define

Vi={ueU:ul, A|C},
Vo={ueU:uly, Vi|AuC, uf,, A|C},
Vs={ueU:ul,Vi|AuC, u[l, A|C},
Vis{weW: Vi —w| W},
Vs={weW : Vo —w|W},

Vo =W~ (VyuVs).

If B is p-separated from A given C in the canonical local independence graph,
D, then U = V1 UVoUVs, W = VUV5UVg, pap(B)N(AuC) € Vi, and furthermore
after a reordering of the rows and columns such that the order is consistent with
Vi,..., Vs, we have the following sparsity of the matrices M and ¥,

(M1 O 0 My Mys Mg
0 My 0 My My Mg
Msy Mss M3z M3y Mzs Msg
My O 0 My Mys M|’
0 Msy 0 Msy Mss Msg

P 0 Y13 214 0 0

0 Yoo o3 0 o5 0

y = ool = Y31 Y32 Y3z Y3 M35 2se '
Ya1 0 Y43 Y 0 0

0 X5 Xs3 0 55 0

0 0 Y63 0 0 Y66

For both matrices, the subscript ¢j corresponds to rows V; and columns V;.

Proof. We have that U = V; U Vo U V3. If w e Vyn Vs £ &, then there is an m-
connecting walk between V; and V5 given AuC which would be a contradiction,
and thus, W = V4 U V5 U V5. Note that X is symmetric so we only need to argue
that the lower triangular part has the postulated sparsity pattern. Whenever we
mention an m-connecting walk in this proof without specifying a conditioning
set we tacitly mean ‘given W’.

Any edge V; ~ V5 would create an m-connecting walk and therefore My, =
0,M15 =0,%Y51 = 0. An edge V73 — w € V5 would also create an m-connecting
walk between V; and V5 as Vi € W, and therefore M5, = 0. Similarly, we see
that Mys =0, 51 =0, and X4 = 0. If V] - w € Vi, then w would have to be in
V4, and thus, Mg; = 0. Similarly, Mgo =0, X1 =0, Xg2 = 0. Let u € V3. Then
there exists an m-connecting walk between v and A given C', and composing this
walk with an edge u — V7 would give an m-connecting walk between A and V;



given C as u ¢ C. This is a contradiction and M;3 = 0. Similarly, Ms3 = 0, using
the m-connecting walk between u and V;. Consider again u € V3. There exists
m-connecting walks between u and Vi (given Au () and u and A (given C).
None of them can have a tail at v as otherwise we could find an m-connecting
walk between A and V; given C. Therefore, u is a collider on their composition,
and from this it follows that Mys = 0, M3 = 0, Mgz = 0. If V4 — V5, it would
follow that there is an m-connecting walk between V; and V5, a contradiction.
It follows that Y54 = 0. If V4 — w e W, then w € V}, and it follows that g4 = 0.
Similarly, ¥g5 = 0. ]

The matrices D, E/, and F' all have their rows and columns indexed by U =
V1 U V5 U V3. The above proposition and the definitions of the matrices D, E,
and F' give the following.

Corollary S4. Under the conditions of Theorem 10, the matriz D has the
sparsity structure

*

x|,

o O ¥
S x O

*

i.e., Dy,v; =0,Dv,v, =0,Dy,y, =0, and Dy,y, =0. The matriz F is such that
Fy,v, =0 and Fy,y, =0. The matriz E is block diagonal and Evy,y, = 0.

Lemma S5. If N is an invertible matriz with the sparsity of D, then so is N~1.

Proof. The matrices on the (block) diagonal of N must also be invertible, and
the result follows from the Schur complement representation of N1, using the
first two blocks as one component, and the third as the second component. [

Lemma S6. Consider the Lyapunov equation for square matrices L, Z, and @
such that Q is symmetric,

LZ+ZLT+Q =0,

and let Zy denote its solution. If L is stable and has the sparsity pattern of DT
and Q is such that Qv,v, =0, Qv,v, =0, then (Zo)v,v, =0 and (Zo)v,v, = 0.

Proof. The result follows from the explicit solution of a Lyapunov equation
when L is stable [S11],

Zy :/ eLSQeLTS ds.
0
O

Definition S7 (Stabilizable pair of matrices). Let G and H be matrices, nxn
and n x m, respectively. We say that the pair (G,H) is stabilizable if there
exists an m xn matriz, K, such that G+ HK is stable.



In the literature, stabilizability is used in the context of both continuous-time
and discrete-time systems. The above definition is that of a continuous-time
system [S11, p. 90]. The following is proven in [S8].

Lemma S8. The pair (A, B) is stabilizable if and only if for every eigenvector,
v, of the matriz AT with eigenvalue \ such that Re(\) > 0 it holds that vI' B # 0.

We let k and [ denote the cardinalities of U and W, respectively.
Lemma S9. The pair (D, E) is stabilizable.

Proof. We will prove this using Lemma S8. To obtain a contradiction, assume
that there exists an eigenvector v of DT with corresponding eigenvalue A such
that Re()\) >0, and assume furthermore that v7 E = 0. The matrix (SoS)™! is
positive definite (since ¥ is positive definite), and v ML, (S 0 S)™t My v = 0.
It follows that My v =0. Let o be the column vector of zeros of length I. Note
that Av = DTv = Mygpo. Then,

s (o) (e ) () ()

It follows that X is an eigenvalue of M which is a contradiction as M is stable
by assumption. O

Corollary S10. There exists a symmetric kx k matriz Zo such that (Zo)v,v, =
0, (Zo)v,v, =0 and such that D — EZy is stable.

Proof. From the above lemma it follows that there exists a k x k matrix Z
such that D + EZ is stable. From the sparsity of D and E it follows that
for any k x k matrix, Z, D + EZ is stable if and only if Dy voyqvivey +
EviveyviveyZivivey{vi,vey and Dy,y, are stable. The matrices Dy vay(vi,vay
and Egyy vay(vi,vzy are both block diagonal and thus both pairs of blocks are
stabilizable using the existence of Z and Lemma S8. It follows that Zy can
be chosen as block diagonal. We need to argue that Z; can be chosen to be
symmetric. The blocks in the diagonal of E are positive semidefinite and stabi-
lizable (when paired with their corresponding D blocks). Therefore Zy can be
chosen to also be positive semidefinite (and therefore symmetric) and such that
D + EZj is stable [S11, Lemma 4.5.4], see also [S6]. O

Matrices E and I’ are both positive semidefinite and there exist unique
positive semidefinite matrices F and F' such that E = FFE and F = FF [S7,
Theorem 7.2.6].

Corollary S11. The pair (D, E) is stabilizable.
Proof. This follows from the fact that (D, E) is stabilizable (Lemma S9). O

Definition S12 (Detectable pair of matrices). Let G and H be matrices, mxn
and n xn respectively. We say that the pair (G, H) is detectable if there exists
an nxm matriz, Z, such that ZG + H is stable.



Proposition S13. The pair (F, D) is detectable. The pair (F,D) is also de-
tectable.

Proof. Observe that F is invertible. This means that we can choose Z = (-1 -
D)F~'. With this choice of Z, the matrix ZF + D is stable. The same argument
works for the pair (F, D). O

We argue now that there is a unique positive semidefinite solution of the
algebraic Riccati equation (S14) by showing that the conditions of Theorem 2
in [S10] are fulfilled. The pair (D, E) is stabilizable (Corollary S11) and the
pair (F, D) is detectable (Proposition S13) and we just need to show that

~ D -F

(a5
is such that Re(\) # 0 for all eigenvalues, A, of M. Assume to obtain a contra-
diction that A is a eigenvalue of M such that Re(\) =0,

/\’U:M’U, v:(vl).
V2

Similarly to what is done in [S15], we left-multiply by (v v]) where * denotes
conjugate transpose to obtain

* * D _E v * *
(v2 vl)(_F —DT) (v;) = AMvyv1 +vivg).

By taking real parts on both sides of the above equation, we obtain Re(-v3 Evy—
v} Fvy) = 0. Matrices E and F are both positive semidefinite so v; Fvs = 0 and
vi Fvp = 0. The matrix F is positive definite so v; = 0. Lemma S8 gives a
contradiction to the fact that (D, FE) is stabilizable. In conclusion, it follows
from Theorem 2 in [S10] that there exists a unique positive semidefinite solution
of the algebraic Riccati equation.

Lemma S14 (Sparsity in solution of algebraic Riccati equation). Under the
conditions of Theorem 10, it holds that I'v,v, =0 when I is the unique, positive
semidefinite solution of Equation (S14).

Proof. Theorem 1.1 of Guo and Lancaster [S6] applies as E is positive semidef-
inite. We know from above that there is a unique positive semidefinite solution
and this must necessarily be the same as the maximal symmetric solution of
Theorem 1.1 in [S6].

Using Corollary S10, there exists a symmetric k x k matrix, Zy, such that
(Zo)viv, =0, (Zo)w,v, =0, and such that D — EZ; is stable. From this matrix,
we will define a sequence of matrices that converge to the maximal symmet-
ric solution, Z,. With this purpose in mind, we define a Newton step as the
operation that takes a matrix Z; to the solution of (this is an equation in Z)

(D-EZ)"Z+2Z(D-EZ)+Z;EZ; + F =0.



Assume now that Z; is such that (Z;)v,v, = 0 and (Z;)vw,1, = 0. Note first
that by Corollary S4, Q = Z; EZ; + F is also such that QV1V2 =0 and szvl =0.
The matrix EZ; has the sparsity pattern of D, and the matrix D does too. By
induction and using Lemma S6, it follows that Z; is such that (Z;)v,v, =0 and
(Zi)vyv, =0 for all > 0. Note that for all ¢ it holds that D — EZ; is stable and
that Z; is symmetric [S6]. Theorem 1.2 of Guo and Lancaster [S6] now gives
that Z, =1lim Z; is the solution of the algebraic Riccati equation, and it follows
from the above that (Z,)v,v, =0 and (Z:)v,v, =0. O

S2.2 Sparsity in the solution of the differential Riccati
equation

We will use the above results on the algebraic Riccati equation to describe zero
entries in the solution to the differential Riccati equation. We have that (D, E)
is stabilizable (Corollary S11) and (F, D) is detectable (Proposition S13). We
note that 7q is the covariance in the conditional distribution of X{ given X}V
and therefore positive definite. From [S19, S3], it follows that

v =T+ et (70-T) (I + A e K pesk” ds(vo - F)) 'K (S15)

where K = D — ET and T is the unique positive semidefinite solution of the
algebraic Riccati equation (Equation (S14)). Existence of the inverse matrix in
Equation (S15) follows from Lemma 2.1 in Chapter 2 of Reid [S16].

Lemma S15. Let ~; denote the solution of the differential Riccati equation
(Equation (S15)) with initial condition ~y. Under the conditions of Theorem
10, it holds that (v¢)v,v, =0 for all t > 0.

Proof. This follows directly from the expression in Equation (S15) and the spar-
sity of the matrices that go into that expression: e'® has the sparsity of D and
! " has that of DT. From Lemma S14 we know that T'y,y, = 0. We see from
the definition of sets V; and V, that they are m-separated by W = Au C. The
sets V1, Vo, and W are disjoint and it follows that XS/ ' and Xs/ 2 are condition-
ally independent given X}V using the compatibility of the distribution of Xg
with D. Therefore, (y0)v;v, = 0. The matrix

t _
I+ / e K pesk” ds(yo-T)
0

has the sparsity of D and so does its inverse (Lemma S5). This result follows
immediately by matrix multiplication. O

S3 Other proofs

Proof of Proposition 20. Assume first that there is no weak inducing path be-
tween « and 8 in D, and define



D(a, ) ={yean(a,B) |~ and 8 are collider connected } \ {«, 3}.

We will show that 8 is p-separated from « by D(a, ). We can assume that
a # [ as we have assumed that all nodes have directed loops. If there is a
p-connecting walk from « to 8 given C € V \ {«, 8}, then there is also a u-
connecting walk which is a path composed with a directed edge, v - 5. We
must have that v # «, and if v # 8 then the walk is closed by D(«, 3). Assume
instead that v = 8. Let m denote some path between o« and §. Blunt and
directed edges are weak inducing paths (in either direction) so 7 must be of
length 2 or more,
04:70%1’}’1€~1~-6]:1%6~j5-

There must exist ¢ € {0,1,...,5}, 7 > 1, such that either ~; is not collider
connected to 8 along 7 or v; ¢ an(a, 8). Let i, denote the largest such number
in {0,1,...,7}. Assume first that 7;, is not collider connected to 8 along 7. In
this case, 4, # j. Then 7, 41 is a noncollider on 7 and it is in D(«, 3), and it
follows that 7 is not p-connecting. Note that necessarily 7;,+1 # o, 8. On the
other hand, assume 7;, ¢ an(«, ). Then i, # 0, and there is some collider, ~,
onm, ke{l,...,is }. We have that v, ¢ an(«, ) and 7 is closed in this collider.

On the other hand, assume that there is a weak inducing path between «
and 8 and let C ¢ V \ {«,}. Note that a # 8. If « and 3 are adjacent, then
a ~ f3 - B is p-connecting given C ¢ V \ {«,8}. Consider the weak inducing
path,

a~yr~ Y~ B = e

Let k be the maximal number in the set {1,...,5} such that there is a walk
between « and 7 with all colliders in an(C'), no noncolliders in C, and which
has a neck at v;. We see that v, # § fits this description, i.e., k is well-defined.
Let w be the walk from « to k. If v% € an(C'), then the composition of w with
Yk ~ Vk+1 gives either a new such walk (if the edge is blunt) and by maximality
of k we have that .1 = 3, or if the edge is directed then also vi4+1 = 8 (the weak
inducing path is a collider path), and composing either walk with 5 — /3 gives a
connecting walk given C. Assume instead that 7% ¢ an(C'), and consider again
w. There is a directed path from ~; to o or to 5. Let @ denote the subpath
from v, to the first instance of either o or 3. If a occurs first, we compose 771
with v ~ vk41 and argue as in the case of ; € an(C) above. In § occurs first,
w composed with 7 is connecting. O

Proof of Lemma 29. Assume that D; and D, are not collider equivalent. If
D; and Dy do not have the same directed edges, then they are not Markov
equivalent (Corollary 23), and we can therefore assume that the directed edges
are the same. Assume that there exist a, 5 € V such that there is a collider path
between « and § in Do,

10



O["”71 N"'N:YkNﬁa
which is not covered in D; (both graphs contain every loop, so a # 3). This
means that on every collider path between a and  in Dy, there exists a collider
« such that v ¢ an(a, 5) and v ¢ ujan(%;). Now consider the set D = an(«, 8) u
[ujan(9;)] ~ {a, B}. Note that 3 is not p-separated from « given D in D as
B8 —p, B, and we will argue that 3 is p-separated from « given D in D; showing
that these graphs are not Markov equivalent. Consider a walk between o and
B in D;. It suffices to consider a path, 7w, between oo and 8 composed with the
edge 8 - (B (as B ¢ D). Assume first that 7 is a collider path. If it is open,
then every non-endpoint node is an ancestor of «, 3, or 7; for some j, which is
a contradiction. Assume instead that there exists a noncollider (different from
a and ) on the path. There must also exist a collider (otherwise 7 is closed),
and the collider is a descendant of the noncollider. The collider is either closed,
or it is an ancestor of either {o, 8} or of U;¥;. In the latter case, the path is
closed in the noncollider. O

Proof of Proposition 30. In the original graph, D, we add directed edges such
that every node in C' is a parent of a. Now the path is a weak inducing path,
in this larger graph, D*. Using Proposition 20, we can find a u-connecting walk
from a to 8 given C in D*, and therefore a walk between a and 8 such that
every noncollider is not in C' and every collider is in an(C). This walk is also
in D as it cannot contain an edge with a tail at v € C. In D, we see that every
collider is still in an(C') and the result follows. O

Proof of Proposition 32. Let w be a u-connecting walk from 4 to € given C' in
D +e. If e is not on w, then w is also in D and connecting as the ancestral
relations are the same in D and D +e. If e is on w, then consider the weak
inducing path between o and S in D that consists of blunt edges only. Using a
proof similar to the second part of the proof of Proposition 20 (let & in the proof
of that proposition fulfil the additional assumptions that the corresponding walk
in that proof has necks at both endpoints, only contains one instance of «, and
does not contain any instances of ), one can show that there exists an open
walk between o and § given C \ {a, $} in D which has necks at both ends and
which only contains one instance of both o and 5. This means that replacing
« — B with this walk gives a p-connecting walk given C in D. O

Proof of Proposition 35. The graphs D and P,(D) have the same directed edges
so it suffices to show that they are collider equivalent (Theorem 31). Any
permutation can be written as a composition of transpositions (such that « ¢ S
is a fixed point) so it suffices to prove the result for a permutation, p, such that
p(a) =8, p(B) = a, and p(v) =~ for all v # «, 5. Let w be a collider path in D,

Y~~~ O~ E.
If v,e ¢ {a, 8}, then the path
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v~ p(61) ~ .o~ p(0k) ~ €

is in the permutation graph and is covering, using that a and 8 have the same
parent set. If, e.g., v = & — &1 on the original path, then we can substitute this
for @« - 8 — §; to obtain a covering walk in the permutation graph. Similar
arguments in each case show that any collider path in D is covered in the per-
mutation graph. Repeating the above argument starting from the permutation
graph and using the transposition p = p~! shows that the two graphs are Markov
equivalent. O

Proof of Theorem 36. Assume that there exists an ancestral set A € V' such
that a and S are collider connected in (D7) 4, but not in (Dy) 4. There exists a
collider path in D; between e and 3. Any covering path in Dy must by definition
consist of nodes in an(A) = A and it follows that no such path can exists. By
Lemma 29, it follows that D; and Dy are not Markov equivalent.

On the other hand, assume that for every ancestral set A € V and every
a,f € A, it holds that o and g are collider connected in (D7), if and only
if & and B are collider connected in (D3)4. Using Theorem 31, it suffices to
show that Dy and Dy are collider equivalent. Consider a collider path between
«a and 8 in D1, and let C denote the set of nodes on this path. This path is
also a collider path in (Dj)an(cy and by assumption we can find a collider path
between a and 3 in (Dz)an(cy as well. This collider path is in Dy as well and is
covering the path in D;. O

Proof of Proposition 37. Consider an ancestral set A € V. We can write this as
a union of strongly connected components, A = JC;. These strongly connected
components must necessarily constitute an ancestral set in C(D).

On the other hand, consider an ancestral set in C(D), A, and consider
a€A=UceaC. Assume that o € C' € A. If § is an ancestor of « in D, then
B € C such that C is an ancestor of C' in C(D). By assumption, A is ancestral,
so C € A and we see that A is ancestral. O

Proof of Proposition 40. The contraposition follows from the definition of a vir-
tual collider tripath. Assume that w is an m-connecting path between o and
given an({a, B} u C) \ {«, 8}. If it is a single edge, then («, 3,C) is a virtual
collider tripath for any C. Assume that it has length at least two. If there is
a noncollider, d, on w, then § must be an ancestor of {«, 8} or of a collider. In
the former case, w is closed as ¢ is in the conditioning set. In the latter case,
either w is closed in the collider or in §. Assume therefore that w is a collider
path. We see from the definition that («, 8,C') is a virtual collider tripath. O

Proof of Theorem 41. We show this by contraposition. If « is a parent of 8 in
D1, but not in Dy, then it follows from Corollary 23 that they are not Markov
equivalent. Assume instead that D; and Dy have the same directed edges, and
that (a, §8,C) is a maximal virtual collider tripath in Dj, but not in Ds. Then
it follows from the definition of virtual collider tripaths that a # 8. There are
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two cases; either («, 8,C) is not a virtual collider tripath in Dy, or it is not
maximal. In the first case, § is u-separated from a by an({«a, 5} uC) ~ {«, 8}
(Proposition 40) which is seen to not be the case in Dy. In the second case, in Dy
there is a virtual collider tripath («, 3,C) such that C' - C in C(D;) (note that
C(Dy) = C(Dy)) and (a, 3,C) is not a virtual collider tripath in D;. Repeating
the above argument, we see that D; and D- are not Markov equivalent in this
case either. O

Proof of Theorem 42. We first argue that deciding Markov equivalence is in
coNP. This is clear as given two graphs that are not Markov equivalent and a
certificate indicating sets A,B, and C such that we have separation in one but
not in the other, we can use the augmentation criterion for u-separation in the
supplementary material [S13] to verify this no-instance in polynomial time.

In order to show that deciding Markov equivalence is coNP-hard, we use a
reduction similar to one by Bohler et al. [S2] who study complexity of deciding
equivalence of Boolean circuits, see in particular the proof of their Lemma 4.3.
Consider Boolean variables z1,...,x,. We say that x; and -z, are literals. A
Boolean formula is in disjunctive normal form (DNF) if it is a disjunction of
conjuctions of literals. It is a 3DNF, if each conjunction has at most three
literals. 3DNF tautology is the problem of deciding if a 3DNF is satisfied for
all inputs and this problem is known to be coNP-hard [S2]. We reduce 3DNF
tautology to the problem of deciding Markov equivalence. Let H be a 3DNF
formula on variables x1,...,x, consisting of literals

H=(t Az Azd)v..ov(z Azl anzd)

such that zf equals x; or —z; for some [ = 1,...,n. In the former case, we say
that z] is a positive literal, and in the latter that 2] is a negative literal. We

say that a conjunction, e.g., z{ A zé A zé, is a term. In the following, we will
define graphs in which the nodes correspond to literals, variables, and negated
variables in this problem. We will use Greek alphabet letters for the nodes.
Now define

V™= {Qj}j=1,...,N,i=1,2,3 u{xs, vz, n,

such that CZJ corresponds to zg, x: to z;, and v; to the negation of x;. We also
define

V={a,B}uV u{y:6eV}.

We use p1 & po to denote that p1 — po and p; < pa. We use p1,...,pr —
Pk+1, - - - » Pk+m b0 denote that there is a blunt edge between any pair (d1,d2) such
that 61 € {p1,...,px} and 9 € {Pks1,---, Pr+m - We construct a cDG on nodes
V' with the following edge set. Every node has a directed loop. Furthermore,
for eV,

o= 50.
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For every term (analogously if the term has fewer than three literals),

04*({'-'@%'-'(%'—')(1

and also §§ — v1. Furthermore, x;,v; — xi+1,V141, L =1,...,n—1, and x,, v, —
B. We also include x; — v1. Finally, x; Cij if and only if zf is a positive literal
of the variable z; and v; & Cf if and only if zf is a negative literal of the variable
x;. We let D denote the ¢cDG on nodes V' and with edges as described above.
We also define D* by adding edges o — x1,v1 to D.

We now argue that H is a tautology (that is, true for all inputs) if and only if
D and D* are Markov equivalent. Assume that H is a tautology. To argue that
D and D" are Markov equivalent it suffices to show that every collider path of
D is covered in D (Theorem 31). Every collider path in D* which is not in D
either contains the subpath y; — a — vy or is of the below form. If it contains
X1 — a — vy, then we can substitute this for x; — v; and obtain a covering
path in D. Assume instead a collider path in D* of the following form,

e ...~ Ekyl-

If ex+1 # B, then this is covered in D by o = 7¢,,, & €k+1, Or by o = €p41.
Assume instead that €41 = 8. In this case, for all i = 1...,n either y; ¢
{e1...,ex} or v; € {e1...,ex}. Consider now the following assignment of truth
values to the variables: z; =1 if and only if x; € {e1...,ex}. By assumption, H
is a tautology, so there is a term which equals 1 for this assignment, say the j'th
(we assume without loss of generality that the j’th term contains three literals),

z{ A z% A z§
If zf is a positive literal, then it must correspond to a x; such that x; €
{e1...,ex}, and then in D, (] is a parent of x; € {e1...,ex}. If it is a neg-
ative literal, then it must correspond to x; such that x; ¢ {e1...,ex}. Then

vy € {e1...,ex}, and therefore Cij is a parent of {€1...,er}. This means that the
walk

where ¢; = x; if xy€{e1...,ex} and ¢y =v; € {e1...,ex} else, is a covering path
in D. This implies that D and D" are Markov equivalent.

On the other hand, assume that H is not a tautology. In this case, there
exists some assignment of truth values such that every term of H is 0, and let
I denote this assignment. We now define the following subset of nodes,

C={xitzy=1inIju{y:2;=0in I}

We see that for all [ =1,...,n, either x; € C or v; € C, and this means that 3 is
not p-separated from « by C in D*. If we consider a term (again, without loss
of generality assuming that the term has three literals),
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A ns .
We know that (under assignment I) one of them must equal 0, say zf Ifitisa
positive literal, then the corresponding variable equals 0 in the assignment and
¢} is not an ancestor of C. If it is a negative literal, then the corresponding

variable z; equals 1 in the assignment, and therefore v; is not in C, and C{ is
not an ancestor of C. In either case, we see that every path

a= (=G =G
such that ¢ € {x1,v1} contains a non-endpoint node which is not an ancestor
of C. This implies that the collider path in D* between o and 3 which traverses
exactly the nodes in C is not covered in D and therefore D and D* are not
Markov equivalent (Theorem 31).
The reduction from 3DNF tautology to the Markov equivalence problem is
clearly done in polynomial time and is a many-one reduction. O

References

[S1] Paul Beesack. Systems of multidimensional Volterra integral equations
and inequalities. Nonlinear Analysis, 9(12):1451-1486, 1985.

[S2] Elmar Bohler, Nadia Creignou, Matthias Galota, Steffen Reith, Henning
Schnoor, and Heribert Vollmer. Complexity classifications for different
equivalence and audit problems for Boolean circuits. Logical Methods in
Computer Science, 8(3:27):1-25, 2012.

[S3] Chiu H. Choi. A survey of numerical methods for solving matrix Riccati
differential equations. In IEEFE Proceedings on Southeastcon, 1990.

[S4] Robert G. Cowell, Philip Dawid, Steffen L. Lauritzen, and David J.
Spiegelhalter. Probabilistic Networks and Expert Systems. New York:
Springer, 1999.

[S5] Vanessa Didelez. Graphical Models for Event History Analysis based on
Local Independence. PhD thesis, Universitat Dortmund, 2000.

[S6] Chun-Hua Guo and Peter Lancaster. Analysis and modification of New-
ton’s method for algebraic Riccati equations. Mathematics of Computa-
tion, 67(223):1089-1105, 1998.

[S7] Roger A. Horn and Charles R. Johnson. Matriz Analysis. Cambridge
University Press, 1985.

[S8] Birgit Jacob and Hans J. Zwart. Linear Port-Hamiltonian Systems on
Infinite-dimensional Spaces. Basel: Springer, 2012.

15



[S9]

[S10]

[S11]

[S12]

[S13]

[S14]

[S15]

S16]

S17]

[S18]

[S19]

[920]

Jan T.A. Koster. On the validity of the Markov interpretation of path
diagrams of Gaussian structural equations systems with correlated errors.
Scandinavian Journal of Statistics, 26:413-431, 1999.

Vladimir Kucera. On nonnegative definite solutions to matrix quadratic
equations. Automatica, 8:413-423, 1972.

Peter Lancaster and Leiba Rodman. Algebraic Riccati Equations. Oxford:
Clarendon Press, 1995.

R.S. Liptser and A.N. Shiryayev. Statistics of Random Processes I: Gen-
eral Theory. New York: Springer-Verlag, 1977.

Sgren Wengel Mogensen and Niels Richard Hansen. Supplement to
“Graphical modeling of stochastic processes driven by correlated noise”.

Seren Wengel Mogensen and Niels Richard Hansen. Markov equivalence
of marginalized local independence graphs. The Annals of Statistics, 48
(1):539-559, 2020.

B. P. Molinari. The stabilizing solution of the algebraic Riccati equation.
SIAM Journal on Control, 11(2):262-271, 1973.

William T. Reid. Riccati differential equations. New York: Academic
Press, 1972.

Thomas S. Richardson. Markov properties for acyclic directed mixed
graphs. Scandinavian Journal of Statistics, 30(1):145-157, 2003.

Thomas S. Richardson and Peter Spirtes. Ancestral graph markov models.
The Annals of Statistics, 30(4):962-1030, 2002.

Ilan Rusnak. Almost analytic representation for the solution of the differ-
ential matrix Riccati equation. IEEFE Transactions on Automatic Control,
33(2):191-193, 1988.

Peter Spirtes, Thomas Richardson, Christopher Meek, Richard Scheines,
and Clark Glymour. Using path diagrams as a structural equation mod-
eling tool. Sociological Methods and Research, 27(2):182-225, 1998.

16



	Introduction
	Overview and organization

	Local independence
	Itô processes and local independence graphs
	The global Markov property
	Itô diffusions

	Directed correlation graphs
	Markov equivalence of directed correlation graphs
	A characterization of Markov equivalence of cDGs
	Markov equivalent permutation of nodes

	Deciding Markov equivalence
	An algorithm for deciding equivalence
	Virtual collider tripaths
	Complexity of deciding Markov equivalence

	Conclusion
	Acknowledgments
	Funding
	Supplementary Material
	References

